Interaction of graphene monolayer with ultrashort laser pulse by Kelardeh, Hamed Koochaki et al.
Interaction of graphene monolayer with ultrashort laser pulse
Hamed Koochaki Kelardeh1, Vadym Apalkov1, and Mark I. Stockman1,2,3
1Department of Physics and Astronomy, Georgia State University, Atlanta, Georgia 30303, USA
2Fakulta¨t fu¨r Physik, Ludwig-Maximilians-Universita¨t,
Geschwister-Scholl-Platz 1, D-80539 Mu¨nchen, Germany
3Max-Planck-Institut fu¨r Quantenoptik, Hans-Kopfermann-Strasse 1, D-85748 Garching, Germany
(Dated: February 28, 2018)
We study the interaction of graphene with ultrashort few femtosecond long optical pulse. For
such a short pulse, the electron dynamics is coherent and is described within the tight-binding
model of graphene. The interaction of optical pulse with graphene is determined by strong wave
vector dependence of the interband dipole matrix elements, which are singular at the Dirac points of
graphene. The electron dynamics in optical pulse is highly irreversible with large residual population
of the conduction band. The residual conduction band population as a function of the wave vector
is nonuniform with a few localized spots of high conduction band population. The spots are located
near the Dirac points and the number of spots depends on the pulse intensity. The optical pulse
propagating through graphene layer generates finite transferred charge, which, as a function of pulse
intensity, changes its sign. At small pulse intensity, the charge is transferred in the direction of the
pulse maximum, while at large pulse intensity, the direction of the charge transfer is opposite to the
direction of pulse maximum. This property opens unique possibility of controlling the direction of
the charge transfer by variation of the pulse intensity.
I. INTRODUCTION
Interaction of ultrashort and strong optical laser pulse
with solids has been a subject of intensive theoretical and
experimental research during the last few decades. [1–15]
The interest in this field has grown after experimental
realization of short laser pulses with just a few oscilla-
tions of optical field, which is comparable to the internal
fields of a solid.[1–3] Such high intensity optical pulses
strongly affect the electron dynamics and strongly modify
the transport and optical properties of solids within the
duration of the pulse,[14, 15] which is a few femtosecond-
long. The response of electron system of a solid to the
optical field of the pulse strongly depends on the band
structure of the solid.
For dielectrics, the main energy parameter, which de-
termines the interaction of a solid with the laser pulse,
is the bandgap ∆g between the occupied valence band
and the empty conduction band. If the pulse fre-
quency is small, ω0  ∆g/~, then the electron dynam-
ics can be described in terms of the dynamics of the
passage through anticrossing points of quasistationary
Wannier-Stark levels of conduction and valence bands
in time dependent electric field of the laser pulse.[14–16]
The passage through such anticrossing points determines
whether the electron dynamics is adiabatic or diabatic.
The last anticrossing point corresponds to the electric
field of the strength Fcrit. Such field can also be de-
fined as the field which induces a change in electron po-
tential energy by ∆g over the lattice period a ∼ 5 A˚.
For silica with bandgap ∆ ∼ 10 eV, the critical field is
Fcrit = ∆g/|e|a ∼ 2 V/A˚. At such electric field, i.e. at
the last anticrossing point of Wannier-Stark levels, the in-
terband coupling is strong, which results in strong mixing
of conduction and valence band states. Such mixing re-
sults in strong enhancement of dielectric response of the
solid.[16]
In addition to the enhancement of dielectric suscep-
tibility of the solid, the response of the electron sys-
tem of dielectrics to a strong optical pulse shows an-
other interesting property. Namely, the deviation of elec-
tron dynamics from adiabatic one results in finite charge
transfer ∆Q through the system during the pulse.[14]
For an ultrastrong pulse, the effective conductivity cal-
culated from the transferred charge, σ ∼ ∆Q/τpF0, is
enhanced by almost 18 orders in magnitude compared
to its low-field value. The direction of the charge trans-
fer is the same as the direction of the pulse maximum.
For ultrashort laser pulse, the electron dynamics is also
highly reversible, i.e. the electron system almost re-
turns to its initial state after the pulse ends. Such re-
versibility was demonstrated both experimentally[15] and
numerically.[16] Thus, within the duration of ultrashort
and strong laser pulse, the insulator shows strong en-
hancement of both dielectric response and electrical con-
ductivity with highly reversible dynamics.
In metals, where the conduction band is partially oc-
cupied, the main effect of interaction of ultrashort optical
pulse with solid is strong modification of intraband elec-
tron dynamics.[17] The electron dynamics in strong opti-
cal pulse shows high frequency Bloch oscillations, which
is visible in the generated electric current and in the
shape of the optical pulse transmitted through the metal
nanofilm.[17] In addition to such oscillations the highly
nonlinear electron dynamics in ultrastrong optical pulse
results in strong enhancement of the pulse transmittance
through the metal nanofilm.[17] Similar to dielectrics,
the optical pulse also generates the transferred electric
charge, but now the direction of the charge transfer is
opposite to the direction of the pulse maximum.
In the present paper we consider interaction of ultra-
short laser pulse with graphene monolayer[18–20]. The
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2purely two dimensional electron dynamics in graphene
is characterized by unique dispersion relation, the low
energy part of which is relativistic with linear depen-
dence of the electron energy on momentum. The behav-
ior of such low energy electrons is described by the Dirac
relativistic massless equation. Therefore, graphene is a
semimetal with zero bandgap and relativistic low-energy
dispersion. In this case the interaction of the laser pulse
with graphene should show some similarity to the behav-
ior of a metal in strong optical pulse, where the intraband
electron dynamics determines the response of the electron
system. Zero bandgap should also result in strong inter-
band mixing of the states of the valence and conduction
bands. Below we consider femtosecond-long laser pulses,
for which the duration of the pulse is less than the elec-
tron scattering time, which is of the order of 1 ps.[21]
In this case the electron dynamics is coherent and is
described by the time-dependent Schro¨dinger equation,
where the time dependence is introduced through the
time-dependent electric field of the optical pulse.
The dynamics of graphene in long optical pulse with
duration of hundred femtosecond, for which the scatter-
ing processes become important and the electron dynam-
ics is incoherent, has been studied in Ref. 22 within the
density matrix approach, where the sensitivity of the hot-
electron Fermi distribution to the intensity of the optical
pulse were reported. For long circular polarized opti-
cal pulses, the interaction of electrons in graphene with
periodic electric field results also in formation the Flo-
quet states and opening a gap in the energy spectrum
of graphene[23–25] or graphene-like topological surface
states of topological insulator.[26]
II. MODEL AND MAIN EQUATIONS
We consider an optical pulse, which is incident nor-
mally on graphene monolayer and has the following one-
oscillation form
F (t) = F0e
−u2 (1− 2u2) , (1)
where F0 is the amplitude, which is related to the pulse
power P = cF 20 /4pi, c is speed of light, u = t/τ , and τ is
the pulse length, which is set τ = 1 fs.
We consider linearly polarized laser pulse, where the
plane of polarization is characterized by angle θ mea-
sured relative to axis x. Here the x and y coordinate
system is introduced in the plane of graphene and are de-
termined by the crystallographic structure of graphene -
see Fig. 1. The graphene has hexagonal lattice structure,
which is shown in Fig. 1(a). The lattice has two sublat-
tice, say ”A” and ”B”, and is determined by two lattice
vectors ~a1 = a/2(
√
3, 1) and ~a2 = a/2(
√
3,−1), where
a = 2.46 A˚ is the lattice constant. The distance between
the nearest neighbor atoms of graphene is a/
√
3. The
first Brillouin zone of the reciprocal lattice of graphene,
which is a hexagon, is shown in Fig. 1(b). The points
K = (2pi/a)(1/3, 1/
√
3) and K ′ = (2pi/a)(−1/3, 1/√3),
A B
γ
x
y
a1
a2
(a) (b)
ky
kx
K
K
4π/3a
θ
F
a/  3
FIG. 1: (a) Hexagonal lattice structure of 2D graphene.
The graphene lattice consists of two inequivalent sublattices,
which are labeled by ”A” and ”B”. The vectors ~a1 =
a/2(
√
3, 1) and ~a2 = a/2(
√
3,−1) are the direct lattice vectors
of graphene. The nearest neighbor coupling, which is char-
acterized by the hopping integral γ, is also shown. (b) The
first Brillouin zone of reciprocal lattice of graphene. Points K
and K′ are two degenerate Dirac points, corresponding to two
valleys of low energy spectrum of graphene. Blue line with
arrows shows polarization of the time-dependent electric field
of the pulse. The polarization is characterized by angle θ.
which are the vertices of the hexagon, are the Dirac
points. The energy gaps at these points are zero and
the low energy spectra near these points are described
by the Dirac relativistic equation. The points K and
K ′ correspond to two valley of low energy spectrum of
graphene.
The Hamiltonian of an electron in graphene in the field
of the optical pulse has the form
H = H0 + e ~F (t)~r, (2)
whereH0 is the field-free electron Hamiltonian, ~r = (x, y)
is a 2D vector, and ~F (t) = [F (t) cos θ, F (t) sin θ]. To de-
scribe both the conduction and valence bands of graphene
within a single Hamiltonian, we consider the nearest
neighbour tight-binding model of graphene. For such
model the Hamiltonian H0 is the tight-binding Hamil-
tonian of graphene,[27–30] which describes the tight-
binding coupling between two sublattices ”A” and ”B” -
see Fig. 1. In the reciprocal space the Hamiltonian H0 is
a 2× 2 matrix of the form[27, 28]
H0 =
(
0 γf(~k)
γf∗(~k) 0
)
, (3)
where γ = −3.03 eV is the hopping integral and
f(~k) = exp
(
i
akx√
3
)
+ 2 exp
(
−i akx
2
√
3
)
cos
(
aky
2
)
. (4)
The energy spectrum of Hamiltonian H0 consists of
conduction band (pi∗ or anti-bonding band) and valence
bands (pi or bonding band) with the energy disper-
sion Ec(~k) = −γ|f(~k)| (conduction band) and Ev(~k) =
γ|f(~k)| (valence band). The corresponding wave func-
3tions are
Ψ
(c)
~k
(~r) =
ei
~k~r
√
2
(
1
e−iφk
)
(5)
and
Ψ
(v)
~k
(~r) =
ei
~k~r
√
2
( −1
e−iφk
)
, (6)
where f(~k) = |f(~k)|eiφk . The wave functions Ψ(c)~k and
Ψ
(v)
~k
have two components belonging to sublattices A and
B, respectively.
When the duration of the laser pulse is less than the
characteristic electron scattering time, which is around 1
ps [21], the electron dynamics in external electric field of
the optical pulse is coherent and can be described by the
time dependent Schro¨dinger equation
i~
dΨ
dt
= HΨ, (7)
where the Hamiltonian (2) has explicit time dependence.
The electric field of the optical pulse generates both in-
terband and intraband electron dynamics. The interband
dynamics introduces a coupling of the states of the con-
duction and valence bands and results in redistribution
of electrons between two bands. For dielectrics, such dy-
namics results in its metallization, which manifest itself
as a finite charge transfer through dielectrics and finite
conduction band population after the pulse ends.
It is convenient to describe the intraband dynamics,
i.e. the electron dynamics within a single band, in the
reciprocal space. In the reciprocal space, the electron
dynamics is described by acceleration theorem, which has
the following form
~
d~k
dt
= e ~F (t). (8)
The acceleration theorem is universal and does not de-
pend on the dispersion law. Therefore the intraband elec-
tron dynamics is the same for both conduction and va-
lence bands. For an electron with initial momentum ~q
the electron dynamics is described by the time depen-
dent wave vector, ~kT (~q, t), which is given by the solution
of Eq. (8),
~kT (~q, t) = ~q +
e
~
∫ t
−∞
~F (t1)dt1. (9)
The corresponding wave functions are the Houston func-
tions, [31] Φ
(H)
αq (~r, t),
Φ
(H)
α~q (~r, t) = Ψ
(α)
~kT (~q,t)
(~r)e−
i
~
∫ t
−∞dt1Eα[
~kT (~q,t1)], (10)
where α = v (valence band) or α = c (conduction band).
Using the Houston functions as the basis, we express
the general solution of the time-dependent Schro¨dinger
equation (7) in the following form
Ψ~q(~r, t) =
∑
α=v,c
βα~q(t)Φ
(H)
α~q (~r, t). (11)
The solution (11) is parametrized by initial electron wave
vector ~q. Due to universal electron dynamics in the recip-
rocal space, the states, which belong to different bands
(conduction and valence bands) and which have the same
initial wave vector ~q, will have the same wave vector
~kT (~q, t) at later moment of time t. Since the interband
dipole matrix element, which determines the coupling of
the conduction and valence band states in external elec-
tric field, is diagonal in the reciprocal space, then the
states with different initial wave vectors are not coupled
by the pulse field. As a result in Eq. (11), for each value
of initial wave vector q, we need to find only two time-
dependent expansion coefficients βv~q(t) and βc~q(t). Such
decoupling of the states with different values of ~q is the
property of coherent dynamics. For incoherent dynamics,
the electron scattering couples the states with different
wave vectors ~q. In this case the dynamics is described by
the density matrix.
The expansion coefficients satisfy the following system
of differential equations
dβc~q(t)
dt
= −i
~F (t) ~Q~q(t)
~
βv~q(t), (12)
dβv~q(t)
dt
= −i
~F (t) ~Q∗~q(t)
~
βc~q(t), (13)
where the vector-function ~Q~q(t) is proportional to the
interband dipole matrix element
~Q~q(t) = ~D[~kT (~q, t)]e
− i~
∫ t
−∞dt1{Ec[~kT (~q,t1)]−Ev [~kT (~q,t1)]},
(14)
where ~D(~k) = [Dx(~k), Dy(~k)] is the dipole matrix ele-
ment between the states of the conduction and valence
bands with wave vector ~k, i.e.
~D(~k) =
〈
Ψ
(c)
~k
∣∣∣ e~r ∣∣∣Ψ(v)~k 〉 . (15)
Substituting the conduction and valence band wave func-
tions (5) and (6) into Eq. (15), we obtain the following
expressions for the interband dipole matrix elements
Dx(~k) =
ea
2
√
3
1 + cos
(
aky
2
) [
cos
(
3akx
2
√
3
)
− 2 cos
(
aky
2
)]
1 + 4 cos
(
aky
2
) [
cos
(
3akx
2
√
3
)
+ cos
(
aky
2
)]
(16)
and
Dy(~k) =
ea
2
sin
(
aky
2
)
sin
(
3akx
2
√
3
)
1 + 4 cos
(
aky
2
) [
cos
(
3akx
2
√
3
)
+ cos
(
aky
2
)] .
(17)
4The system of equations (12)-(13) describes the inter-
band electron dynamics and determines the mixing of
the conduction band and the valence band states in the
electric field of the pulse. There are two solutions of the
system (12)-(13), which correspond to two initial condi-
tions: (βv~q, βc~q) = (1, 0) and (βv~q, βc~q) = (0, 1). These
solutions determine the evolution of the states, which are
initially in the valence band or in the conduction band,
respectively.
For undoped graphene all states of the valence band
are occupied and all states of the conduction band are
empty. For an electron, which is initially in the valence
band the mixing of the states of different bands is charac-
terized by the time-dependent component |βc~q(t)|2. We
can also define the time-dependent total occupation of
the conduction band for undoped graphene from the fol-
lowing expression
Nc(t) =
∑
~q
|βc~q(t)|2, (18)
where the sum is over the first Bruilluen zone and the
solution βc~q(t) in Eq. (18) satisfies the initial condition
(βv~q, βc~q) = (1, 0).
Redistribution of electrons between the conduction and
the valence bands in time-dependent electric field also
generates electric current, which can be calculated in
terms of the operator of velocity from the following ex-
pression
Jj(t) =
e
a2
∑
~q
∑
α1=v,c
∑
α2=v,c
β∗α1~q(t)Vα1α2j βα2~q(t), (19)
where j = x, y and Vα1α2j are the matrix elements of
the velocity operator Vˆj = 1~ ∂H0∂kj between the conduction
and valence band states. With the known wave functions
(5)-(6) of the conduction and valence bands the matrix
elements of the velocity operator are
Vccx = −Vvvx =
aγ√
3~
[
sin
(
akx√
3
− φ~k
)
+
sin
(
akx√
3
+ φ~k
)
cos
aky
2
]
,(20)
Vccy = −Vvvy =
aγ
~
cos
(
akx
2
√
3
+ φ~k
)
sin
aky
2
, (21)
Vcvx = −i
2aγ√
3~
[
cos
(
akx√
3
− φ~k
)
−
cos
(
akx√
3
+ φ~k
)
cos
aky
2
]
, (22)
and
Vcvy = −i
2aγ
~
sin
(
akx√
3
+ φ~k
)
cos
aky
2
. (23)
The interband matrix elements of the velocity operator,
Vcvx and Vcvy , are related to the interband dipole matrix
elements, Vcvx = iDx(~k)
[
Ec(~k)− Ev(~k)
]
/~ and Vcvy =
iDy(~k)
[
Ec(~k)− Ev(~k)
]
/~. [32]
Within the nearest neighbor tight binding model, the
graphene has electron-hole symmetry, which results in
the relation Vccy = −Vvvy . Inclusion into the model
the higher order tight-binding couplings, e.g. next-
nearest neighbor terms, introduced electron-hole asym-
metry, which results in different magnitudes of velocity
in the conduction and valence bands.[33] This asymmetry
is weak and does not change the main results presented
below.
If the direction of electric field of the pulse is along the
direction of high symmetry of graphene crystal, then the
current (19) is generated along the direction of electric
field of the pulse only, J||. For graphene, the directions of
high symmetry correspond to polarization angles θ = 0
and 300. If polarization of electric field is not along the
direction of high symmetry of graphene, then the current
is generated in both the direction of the field, J||, and in
the direction perpendicular to the field, J⊥.
The generated current results in charge transfer
through the system, which is determined by an expres-
sion
Qtr,µ =
∫ ∞
−∞
dtJµ(t), (24)
where µ = || or ⊥, which corresponds to the charge trans-
fer along the direction of polarization of the laser pulse
and in the direction perpendicular to polarization of the
pulse, respectively. The transferred charge is nonzero
only due to irreversibility of electron dynamics in the op-
tical pulse. For completely reversible dynamics, when
the system returns to its initial state, the transferred
charge is exactly zero. Indeed, since the current can be
expressed in terms of polarization ~P (t) of the electron
system as ~J(t) = d~P (t)/dt, then the transferred charge
is determined by the residual polarization of the system,
i.e. polarization of the electron system after the pulse
ends, Qtr,µ = Pµ(t → ∞). The residual population is
nonzero only for irreversible dynamics.
III. RESULTS AND DISCUSSION
A. Interband coupling
The electron dynamics in time dependent electric field
is determined by two unique properties of graphene: (i)
zero band gap, which results in strong interband mixing
even in a weak electric field, and (ii) strong dependence
of interband dipole matrix elements on the wave vector.
The interband dipole matrix elements, Dx and Dy, are
singular at the Dirac points, K and K ′. Near these points
the dipole matrix elements behave as ∼ 1/∆k, where
52
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FIG. 2: Interband dipole matrix element Dx is shown as a
function of the wave vector ~k. The red lines show the bound-
ary of the first Brillouin zone. The dipole matrix element is
singular near the Dirac points (K and K′ points).
∆k = |k − kK | is the deviation of the wave vector from
its value at the nearest Dirac point. The dipole matrix
element Dx calculated from Eq. 16 is shown as a function
of the wave vector in Fig. 2. The dipole matrix element
become large near the Dirac points. The dipole matrix
element Dy has similar behavior.
Away from the Dirac points the dipole matrix elements
have a typical value of ea/2 ≈ 1.2eA˚. At the center of the
Bruilluen zone, i.e. at ~k = 0, the dipole matrix elements
are zero, i.e. at this point there is no interband coupling.
In an electric field, either constant or time-dependent,
the electron dynamics within a single band can be de-
scribed in terms of time-dependent wave vector ~kT (~q, t),
which introduces an electron trajectory in the reciprocal
space. Then the effective interband coupling is deter-
mined by the average value of dipole matrix elements
along the electron trajectory.
B. Conduction band population
One of the characteristics of electron dynamics in time-
dependent electric field of the optical pulse is redistri-
bution of electrons between the conduction and valence
band states. In undoped graphene, the valence band
is initially fully occupied, while the conduction band is
empty. The electric field introduces coupling of the states
of conduction and valence bands, which results in finite
population of the conduction band.
At first, we characterize the redistribution of the elec-
trons between the valence and conduction bands in terms
of the total population of the conduction band, Nc(t),
- see Eq. (18). The time dependence of the conduc-
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FIG. 3: Time-dependent conduction band population, Nc(t),
and the corresponding time-dependent electric field of the
laser pulse are shown. The polarization of the pulse is along
axis x, i.e. θ = 0.
tion band population Nc(t) is correlated with the time-
dependent electric field. In Fig. 3 the conduction band
population Nc(t) is shown as a function of time together
with corresponding time-dependent electric field. Spe-
cific feature of this dependence is ≈ pi/2 phase shift
between the conduction band population Nc(t) and the
electric field F (t). The maxima of the conduction band
population correspond to zeros of the electric field. Such
phase shift between Nc(t) and F (t) is due to strong wave
vector dependence of the interband coupling. For insu-
lators, where the interband coupling has weak depen-
dence on the wave vector, the maxima of the conduction
band population correspond to the maxima of the abso-
lute value of electric field |F (t)|.[16]
The time-dependence of the conduction band popula-
tion also illustrates the fact that the electron dynamics is
highly irreversible, i.e. the electron system does not re-
turn to its original state after the pulse ends. The resid-
ual conduction band population, i.e. population after
the pulse ends, is large and comparable to the maximum
conduction band population during the pulse.
Irreversible dynamics of electron system persists at all
pulse intensities. This property is illustrated in Fig. 4,
where the conduction band population is shown for differ-
ent pulse amplitudes, F0. The time-dependent conduc-
tion band population, Nc(t), have the similar time profile
for all pulse amplitudes. The maximum conduction band
population is realized at t ≈ 1 fs, which corresponds to
the last local maximum of the magnitude of electric field,
|F (t)|. At all pulse amplitudes, the residual conduction
band population, N (t→∞), is comparable to the max-
imum population. Both the residual and the maximum
populations monotonically increase with increasing peak
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FIG. 4: (a) Time-dependent conduction band population,
Nc(t), is shown for different intensities (peak electric fields
F0) of the optical pulse. (b) The maximum and the residual
conduction band populations are shown as a function of the
pulse amplitude F0. The polarization of the pulse is along
axis x, i.e. θ = 0.
electric field F0, see Fig. 4(b). The results shown in Figs.
3 and 4 correspond to polarization of the optical pulse
along the x axis, i.e. θ = 0. The conduction band pop-
ulation has weak dependence on the polarization of the
optical pulse, i.e. on the value of angle θ, and the results
similar to Figs. 3 and 4 are valid for other angles θ.
The irreversible electron dynamics and the phase shift
between the time-dependent conduction band population
and the time-dependent electric field are due to gapless
energy dispersion in graphene and strong dependence of
the interband dipole matrix elements, Dx and Dy, on the
wave vector. Singularity of the dipole matrix elements
at the Dirac points also results in strongly nonuniform
distribution of the conduction band population in the re-
ciprocal space. Such distribution is given by the function
|βc~q(t)|2 and has strong dependence on the wave vector
~q. In Fig. 5 the conduction band population is shown in
the reciprocal space at different moments of time. There
are strongly localized regions in the reciprocal space with
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FIG. 5: The conduction band population |βc~k(t)|2 is shown
as a function of the wave vector at different moments of time.
Only the first Bruilluen zone of the reciprocal space is shown.
The peak electric field of the pulse is F0 = 1 V/A˚. Different
colors correspond to different values of the conduction band
population as shown in the figure.
the conduction band population equals almost 1. There-
fore at these points the electrons are completely trans-
ferred to the conduction band with zero population of the
valence band. The regions with high conduction band
population evolve with time. Such evolution correlates
with time dynamics of electrons in the reciprocal space,
which is determined by the time-dependent wave vector
~kT . The regions of high conduction band population are
concentrated near the Dirac points and their arrange-
ment clearly follows the polarization of the optical pulse,
which in Fig. 5 is along axis x. The dynamics of forma-
tion of localized regions of high conduction band popula-
tion is also shown in Fig. 5. Initially the conduction band
population is high within large region of an oval shape
in the reciprocal space (see distribution at t = −0.75 fs).
Then this oval shape becomes broken into small localized
regions with high values of the conduction band popula-
tion.
The formation of the localized regions with high con-
duction band population is due to singularity of the in-
traband dipole matrix elements at the Dirac points. The
interband dipole matrix elements are large near the Dirac
points and are diverging exactly at the Dirac points -
see section III A. An electron with initial wave vector
~q propagates in the reciprocal space along the direction
of the electric field and the electron wave vector at mo-
ment of time t is given by the function ~kT (~q, t), see Eq.
(9). The trajectory of such electron is shown schemati-
cally in the inset in Fig. 6(a), where the electron, which
is initially at point ”1”, is transferred along the path
”1”→”2”→”3”→”2”→”1” during the pulse. Since the
area under the pulse is zero, the electron returns to the
7initial point ”1”. Along this closed path the interband
coupling, which is proportional to the interband dipole
matrix element, is the strongest near the point closest to
the Dirac points, i.e. near point ”2”. Thus, the strongest
mixing of the states of the conduction and valence bands
occurs when the electron passes through point ”2”. For
the closed path ”1”→”3”→”1” there are two passages of
point ”2”. As a result there are two strong changes in
the conduction band population. These two changes can
be constructive or destructive, resulting in final large or
small conduction band population, respectively. These
two possibilities are shown in Fig. 6, where the time-
dependent conduction band population is shown for two
initial wave vectors ~q. The time-dependent interband
dipole matrix element, Dx, calculated at wave vector
~kT (~q, t) is also shown in Fig. 6. The two maxima in
the time-dependent dipole matrix element correspond to
two passages of the point ”2” shown in the inset in Fig.
6(a). For both initial wave vectors [see Fig. 6 (a) and (b)]
the maxima of the dipole matrix element are correlated
with large changes in the conduction band population.
In Fig. 6(b) these changes are constructive resulting in
large conduction band population after the pulse ends,
while in Fig. 6(a) the changes are destructive, which re-
sults in small final conduction band population. Whether
changes of the conduction band population constructive
or destructive is determined by the phase accumulated
between two consecutive passages of point ”2”. The
phase is determined by exponential factor in the expres-
sion (14) for the vector-function ~Q~q(t).
After the pulse ends the localized spots of high con-
duction band population are accumulated near the Dirac
K and K ′ points, which is illustrated in Fig. 7, where
the results shown in Fig. 5 are redrawn beyond the first
Brillouin zone. The spots of high conduction band pop-
ulation form two parallel arrays oriented along axis x,
i.e. along the direction of the electric field. The num-
ber of spots in each array depends on the intensity of
the optical pulse. In Fig. 8 the residual conduction band
population is shown as a function of wave vector ~k for
different amplitudes F0 of the optical pulse. In all cases
the structure of two arrays of high conduction population
spots near the Dirac points persists but the number of
spots increases with F0. This is due to the fact that with
increasing the pulse amplitude the electron is transferred
over a longer distance in the reciprocal space and the
farther points in the reciprocal space can reach the Dirac
points, where the strong interband coupling is realized.
In terms of the schematic diagram shown in the inset in
Fig. 6(a) it means that the distance between points ”1”
and ”2” increases with pulse amplitude.
Another characteristics of the electron redistribution
between the conduction and valence bands is the residual
conduction band population calculated as a function of
electron energy. Such function is defined by the following
0 2-2
 Time, t (fs)
0 2-2
 Time, t (fs)
0.0
0.2
0.4
0.6
0.8
1.0
0.0
0.2
0.4
0.6
0.8
1.0
C
B
 p
op
ul
at
io
n 
C
B
 p
op
ul
at
io
n 
D
x 
 (e
·Å
) 
2
4
0
D
x 
 (e
·Å
) 
2
4
0
(a)
(b)
kx
K
1 2 3
ky
FIG. 6: Time-dependent conduction band population and
the corresponding dipole matrix element Dx are shown for
some initial wave vector ~q of the reciprocal space. The con-
duction band population is calculated as |βc~q(t)|2 and the
dipole matrix element is defined as Dx(~kT (~q, t). Two different
initial wave vectors in panels (a) and (b) correspond to small
and large residual conduction band populations, respectively.
The inset in panel (a) illustrates schematically the electron
dynamics in the reciprocal space: the electron is transferred
along the path ”1”→”2”→”3”→”2”→”1”. The polarization
of the optical pulse is along axis x.
expression
Nc,E(E) =
∑
~q
|βc~q(t→∞)|2δ (E − Ec(~q)) , (25)
where δ is the Dirac δ-function. The function Nc,E(E) is
shown in Fig. 9 for different amplitudes F0 of the optical
pulse. The conduction band population as a function of
energy has a single peak structure with well-defined max-
imum at finite electron energy. For example, for F0 = 0.6
V/A˚, the maximum ofNc,E(E) is at E ≈ 2 eV. The width
of the peak also increases with increasing the pulse am-
plitude. At F0 = 1.5 V/A˚ the peak occupies the whole
conduction band, i.e. after the pulse ends all the conduc-
tion band states are partially occupied by electrons. The
conduction band population exactly at the Dirac point,
i.e. at zero energy, is small. Such behavior is correlated
with the distribution of the conduction band population
in the reciprocal space shown in Fig. 8.
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FIG. 7: Residual conduction band population (population af-
ter the pulse ends) is shown as a function of the wave vector
near the Dirac points: points K and K′, which correspond to
two valley of graphene. The red dotted line shows the bound-
ary of the first Brillouin zone. Different colors correspond to
different values of the conduction band population as shown
in the figure. Polarization of the optical pulse is along axis x.
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FIG. 8: Residual conduction band population |βc~k(t→∞)|2
is shown as a function of the wave vector at different ampli-
tudes F0 of the optical pulse. Only the first Bruilluen zone
of the reciprocal space is shown. The polarization of electric
field is along axis x. Different colors correspond to different
values of the conduction band population as shown in the
figure.
C. Transferred charge
The generated time-dependent electric current and the
net transferred charge through the graphene layer are an-
other characteristics of interaction of the electron system
of graphene with laser pulse. The net transferred charge
through the graphene system, which is calculated from
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FIG. 9: Residual conduction band population Nc,E(E) is
shown as a function of energy for different amplitudes of the
optical pulse. The polarization of the optical pulse is along
axis x.
expression (24), is determined by the residual state of the
system. Namely, the residual polarization of the electron
system is equal to the transferred charge. Within a sin-
gle band approximation, when the interband coupling is
assumed to be zero, the electron dynamics is completely
reversible. In this case the transferred charge through the
system is zero, although the generated time-dependent
current during the propagation of the pulse is non-zero.
Therefore, the transferred charge is non-zero only due
to finite interband coupling, which results in irreversible
electron dynamics and finite residual polarization of the
electron system.
In Fig. 10 the transferred charge is shown as a function
of the amplitude F0 of the optical pulse. The results are
shown for different levels of doping of the electron system.
The level of the doping is characterized by the Fermi en-
ergy, EF . The transferred charge has weak dependence
on the doping. The data in Fig. 10 are shown for polar-
ization of the optical pulse along axis x, i.e. along the
axis of symmetry of the crystal structure of graphene.
Such polarization corresponds to angle θ = 0 and the
charge in this case is transferred only along axis x. For
other polarization of the optical pulse, 300 > θ > 00,
there is non-zero transferred charge in the direction per-
pendicular to the polarization of the pulse, but it is very
small compared to the charge transferred along the di-
rection of polarization. This property illustrates that the
symmetry of the crystal structure of graphene is close to
cylindrical.
An interesting property of the transferred charge (see
Fig. 10) is the change of its sign with increasing pulse
amplitude. While at small pulse intensities, F0 . 1.5
V/A˚, the transferred charge is positive, i.e. the charge is
transferred in the direction of the pulse-field maximum,
9at large pulse intensities, F0 > 1.5 V/A˚, the transferred
charge is negative, i.e. it is transferred in the direction
opposite to the direction of the pulse maximum. This is
the combination of dielectric and metal behaviors, where
for dielectrics the transferred charge is positive, while for
metal the transferred charge is negative. Therefore, in
terms of the transferred charge the graphene monolayer
behaves as a dielectrics at low pulse intensities and as a
metal at large intensities. With increasing the dopping,
i.e., with increasing the Fermi energy, EF , the positive
transferred charge at low intensities decreases, making
the graphene system more metallic in terms of the charge
transfer.
The origin of the change of the sign of the transferred
charge can be understood from the expression for gener-
ated electric current. The generated current [see Eq. (19)]
has two contributions: intraband contribution, which is
determined by intraband matrix elements of velocity op-
erator, Vcc and Vvv, and interband contribution, which
is proportional to the interband matrix elements of the
velocity Vcv. The interband contribution to the cur-
rent is almost an order of magnitude smaller than the
corresponding intraband contribution. Such large differ-
ence of these two contributions is due to their different
dependence on the expansion coefficients βα~q(t), where
α = c or v. The intraband terms in the expression
for the current are proportional to
[
|βc~q(t)|2 − |βv~q(t)|2
]
,
while the intraband terms are determined by combina-
tion β∗c~q(t)βv~q(t). The conduction band population as a
function of the wave vector has a structure of localized
spots with large value of βc~q(t) (βc~q(t) is almost 1 at these
spots). At these spots, the terms
[
|βc~q(t)|2 − |βv~q(t)|2
]
,
which determine the intraband current, is almost 1, while
the factors β∗c~q(t)βv~q(t) are almost 0, which results in
small generated interband current.
Taking into account only intraband contribution to the
generated current, we rewrite Eq. (19) for the x compo-
nent of the current in the following form
Jx(t) =
e
a2
∑
~q
(
2 |βc~q(t)|2 − 1
)
Vccx (~kT (~q, t)), (26)
where we took into account the electron-hole symmetry of
the nearest neighbor model of graphene, i.e. Vccx = −Vvvx ,
and used the property |βc~q(t)|2 + |βv~q(t)|2 = 1.
At small pulse amplitudes, the main mechanism, which
determines the transferred charge, is an increase of the
conduction band population, i.e. βc~q(t), due interband
electron dynamics. The corresponding generated current
is shown in Fig. 11 for F0 = 1.0 V/A˚. At t < 0 the current
is negative, while at t > 0 the current is positive. Since
the conduction band population at later moments of time
(t > 0) is larger than the conduction band population at
t < 0 [see Fig. 3] then the positive component of the
current is larger than the negative one, which results in
positive transferred charge through the system.
At large pulse amplitudes F0, another mechanism be-
comes important for the formation of the charge transfer.
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FIG. 10: Transferred charge through graphene monolayer is
shown as a function of the amplitude of the optical pulse F0.
The transferred charge is shown for different levels of doping of
graphene, which is characterized by the electron Fermi energy
EF in the conduction band. The polarization of the optical
pulse is along axis x.
Namely, due to intraband electron dynamics, the matrix
elements of the velocity operator should be calculated at
the time-dependent wave vector ~kT (~q, t), which is pro-
portional to the amplitude of the electric field. Since the
velocity Vccx becomes small away from the Dirac points,
then at large F0, when |~kT (~q, t)− ~q| becomes large, there
is an additional suppression of the current. The cor-
responding generated current is shown in Fig. 11 for
F0 = 2.0 V/A˚. The data clearly show suppression of the
positive current at t > 0, which results in negative trans-
ferred charge. This mechanism, which is due to intra-
band electron dynamics, of generating charge transfer, is
similar to metals in strong optical pulse.[17]
Thus, for graphene, at low amplitudes of the optical
pulse, the interband dynamics determines the transferred
charge, which is positive in this case, which is similar
to dielectrics. At high amplitudes of the pulse, the in-
traband dynamics provides the main contribution to the
transferred charge, making it negative similar to metals.
IV. CONCLUSION
Interaction of ultrashort and strong optical pulse with
graphene is determined by unique gapless energy disper-
sion law of electron system in graphene. Such energy
dispersion results also in strong dependence of the in-
terband dipole matrix elements on the wave vector in
the reciprocal space with singularity of the interband in-
teraction at the Dirac points. As a result, the electron
dynamics in the time-dependent electric field of the laser
pulse is irreversible with large residual conduction band
population. The residual conduction band population
is also comparable with the maximum conduction band
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FIG. 11: The electric current generated in graphene system
by the electric field of the optical pulse is shown as a function
of time for two amplitudes of the optical pulse: F0 = 1.0 V/A˚
and F0 = 2.0 V/A˚. The transferred charge in these two cases
is positive for F0 = 1.0 V/A˚ and negative for F0 = 2.0 V/A˚.
The polarization of the optical pulse is along axis x.
population realized during propagation of the pulse.
Due to singularity of the interband dipole interaction,
the residual conduction band population, i.e. the conduc-
tion band population after the pulse ends, shows strong
dependence on the electron wave vector. In the reciprocal
space the conduction band population shows a few highly
localized spots, where the electrons are almost completely
transferred from the valence band to the conduction band
states. Such spots of high conduction band population
are concentrated near the Dirac points and the number
of the spots depends on the pulse intensity.
Another characteristics of interaction of the optical
pulse with graphene is generated transferred charge
through the system. Due to highly irreversible electron
dynamics in the optical pulse, the transferred charge is
nonzero and can be positive or negative depending on the
pulse intensity. For the optical pulse with small intensity,
i.e. with the amplitude F0 . 1.5 V/A˚, the direction of
the transferred charge is the same as the direction of the
pulse maximum, which is similar to dielectrics. For the
pulse with large intensity, F0 > 1.5 V/A˚, the charge is
transferred in the direction opposite to the direction of
the pulse maximum, which is the behavior expected in
metals. This property can be used to control the di-
rection of the transfer of the electric charge in graphene
in optical pulse by varying the intensity of the pulse.
In terms of the direction of the transferred charge, the
graphene behaves as a metal or dielectrics depending on
the pulse amplitude.
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